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We review the recent programme undcrtakerf*] to construct, systematically and algorith- 
mically, large classes of heterotic vacua, as well as the search for the MSSM therein. 
Specifically, we outline the monad construction of vector bundles over complete inter- 
section Calabi-Yau threefolds, their classification, stability, equivariant cohomology and 
subsequent relevance to string phenomenology. It is hoped that this top-down algorithmic 
approach will isolate special corners in the heterotic landscape. 
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1. Triadophilia: A Twenty- Year-Old Challenge 

Ever since the realization shortly after the discovery of the heterotic string [2j, 
that it provides a promising venue wherein the Standard Model may be embed- 
ded, string phenomenology was born. Indeed, the gauge group of the het- 
erotic string encompasses a natural gauge unification of the Standard Model 
SU{?>) X SU{2) X C/(l) group. A mathematically succinct and physically appeal- 
ing approach was thereby engendered, where the Eg string was compactified on a 
Calabi-Yau threefold X. The tangent bundle Tx of X admits, by the Calabi-Yau 
nature, an SU (3) connection and Eg, is thus broken to an Eq GUT group, the com- 
mutant of SU{S) therein. This was the initial setup and the Eq particle content is 
conveniently computed by the cohomology groups taking value in Tx, which, by 



standard Hodge decomposition of Kahler manifolds 62 63 , are simply the Hodge 
numbers of X: 

n27 = h\X,Tx) = hf{X) , = h\X ,T*x) = hf {X) . (1.1) 

Now, the 27 of an Eq GUT theory contains the entirety of the Standard Model 
fermions, hence the net number of generations is simply (the absolute value of) the 



'Based on various talks by the author, given lately in Providence, Tucson, London, Potsdam 
and Fort Lauderdale, and on joint efforts by the Oxford Group for algebro-geometric methods in 
string phenomenology, to which the author is most grateful for countless enlightening and jovial 
discussions and collaborations. 
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difference between the above two terms, wliicli, by rudimentary topology, is half the 
Euler number of X. 

Our desire, is that there be three net generations, in accord with experimental 
observations. Therefore, one of the first questions in string phenomenology was 
whether there exists a Calabi-Yau threefold (CY3) with Euler number ±6: 



\x{X)\^2\h^'\X)-e^\X)\lQ 



(1.2) 



This, was the genesis of Triadophilia [6j (Gk., love of three-ness). 

The beautiful work of Candelas et al. attempted to address this problem |7-12 
in the first decade after the incipience of heterotic model-building. This was a pre- 
cursor to an algorithmic approach to string phenomenology and a large data-set, 
of 7890 manifolds, was constructed. These are the so-called CICY manifolds, or 
complete intersection Calabi-Yau threefolds embedded as K homogeneous polyno- 
mials in X ... X P""" . Here, complete intersection means that the dimension of 
the ambient space exceeds the number K of defining equations by precisely 3, i.e., 

K = ^ rir — 3. Moreover, the Calabi-Yau condition of vanishing first Chern class of 

r=l 

K 

Tx translates to ^ — n,, + 1 V r = 1, . . . , m. Subsequently, each manifold can be 

written as an to x if configuration matrix (to which we may sometimes adjoin the 
first column, designating the ambient product of projective spaces, for redundant 
clarity) : 



X = 



q\ q\ 



qT 



q'K 



mxK 



r=l 

K 

J = l 



1 , Vr = 1, 



(1.3) 



The authors of [7 



11 



proved that there can be only a finite number of such 
matrices and spent a number of years, in the nascent days of computer power, 
to establish a complete classification. The most famous example is, of course, the 
manifold [4|5]^'2oq (or simply [5]), known commonly as the quintic. We have marked 
the Hodge numbers as superscript and Euler number, subscript. 

Unfortunately, none of the 8000 or so CICYs has Euler number ±6. Nevertheless, 
it was soon realized by Tian and Yau that freely-acting quotients of these spaces 

"1 3 0] 



could have the correct property and the manifold AI = 



1 3 



/Z3 has topological 



numbers A/^'g . It was thus not surprising that this manifold became central to string 
phenomenology in the early days [3J|5J. 

Nowadays, Eq GUT theories are less favoured than their SU{5) or 50(10) coun- 
terparts, which can then be broken to the (Minimally Supersymmetric) Standard 
Model (MSSM) by turning on discrete Wilson lines. Furthermore, M^q has 6 entire 
generations of anti-families, another cumbersome feature. 
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Modern heterotic phenomenology focuses on SU{5) or SO{10) GUTs and their 
subsequent breaking to the MSSM. Now, obtaining these gauge groups is relatively 
straight-forward: one simply recalls that their commutants in Eg are, respectively, 
S'f/(5) and 5J7(4). Therefore, endowing the CY3 X with an SU{n) bundle V with 
n = 3, 4, 5 will generalize the traditional setup where V — Tx (now known as 
"standard embedding") to give these GUT theories (now known as "general em- 



bedding") [13 14 . The adjoint 248 of Eg branches accordingly: 



Es^GxH 


Residual Group Structure 


SU(3) X Eg 


248 ^ (1, 78) © (3, 27) (3, 27) ® (8, 1) 


SU(4) X SO(IO) 


248 ^ (1, 45) © (4, 16) ® (4, 16) ® (6, 10) © (15, 1) 


SU(5) X SU(5) 


248 ^ (1, 24) © (5, TO) © (5, 10) © (10, 5) © (TO, 5) © (24, 1) 



The associated particle content is likewise captured by the various vector-bundle- 
valued cohomology groups: 



Decomposition 


Particle Content 


SU(3) X Eg 


7127 = h^V),n2f=h\V*) = h:^iV),ni = h^iy(SV*) 


SU(4) X SO(IO) 


ni6 = h^V),nj^ = h^{V),nio = h^{/\^V),ni = h^{V(g)V*) 


SU(5) X SU(5) 


nio = h\V*),nj^^h^{V),n5 = h\/\'^V) , = h\/\^V*) 
ni = h\V(S)V*) 



Next, breaking the GUT to the MSSM gauge group is also elementary (what is dif- 
ficult, as we shall see, is obtaining the precise spectrum and couplings): one enriches 
the above structure of the pair {X, V) with a discrete Wilson line W such that the 
commutant of W in 5;7(5) or S'O(IO) is SU{3) x SU{2) x U{1) (with a possibil- 
ity of an extra U{1) factor). On a Calabi-Yau manifold with non-trivial (discrete) 
fundamental group W — Tri{X), one can turn on a M^- Wilson line and compute 
the VF-equivariant cohomology groups for V, in conjunction with the action of the 
Wilson line, to obtain the final particle spectrum. This has been developed in a 



programme led by Ovrut, Donagi, Pantev et al.over the past decade: cf. 15-18 



(q.v. brief review in 19 ) and 20-24 . This search for the MSSM, wherein the 
particle content is encaptured by bundle cohomology, the moduli, bundle endo- 
morphisms, and Yukawa couplings, trilinear compositions amongst the cohomology 
groups, has been a substantial challenge and a healthy dialogue for collaborative 
efforts between physicists and mathematicians. 



2. A Special Corner 

A preliminary success of the aforementioned endeavour culminated in 2005 where, 
sifting through some number of suitable vector bundles over so-called elliptically- 
fibered CY3s (another large class of manifolds), two complementary heterotic MSSM 
models with no exotic particles, no anti-generations, exactly one pair of Higgs and 
reasonable Yukawa couplings were found after years of search. One 25 -27 was 



based on an SU (4) bundle coupled with a Z3 x Z3 Wilson-line, giving rise to, via 
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an SO{lQ) GUT, the MSSM with an C/(1)b-l, the other [28H29], on an S'[/(5) 
bundle coupled with a Z2 Wilson-hne, giving the MSSM via an SU{h) GUT. Both 
models are based (respectively by equivariant Z3 x Z3 and Z2 actions) on a parent 
self-mirror Xq ' manifold, which is a T^-fibration over a nineth del Pezzo surface, 
which is itself an elliptic fibration over . 

Remarkably, this Xq^'^^ covering manifold, from which both quotients descend, 
resides in the intersection between the database of elliptically fibered threefolds and 
CICYs and it was an astute observation, initially made by Candelas, that it is, in 
fact, intimately related to the cover of the Tian-Yau manifold: 



19, 19 



1 1 

3 
3 



X 



14,23 



1 3 
1 3 



(2.4) 



Why indeed should the two most favoured manifolds from two completely different 
data-sets, spanning over a decade of search, be connected by so simple a transposi- 
tion of configuration matrices? 

The observatio curiosa prompted the investigations in [6] wherein the two man- 



ifolds, together with the bi-cubic CICY, X^'fgj — 



as well as their various 



quotients were shown to be conifold transition of each other. The bundles thereon, 
were proposed to be linked by so-called transgressions, where a bundle on one is 
taken, being trivial on the conifold blowup cycles, to another bundle on the other 
after the conifold transition. Indeed, all CICYs are related by conifold transitions 
and it is a conjecture known as Reid's fantasy that all CY3s are related by blow- 
up/down transitions generalizing the conifold; it is thus natural to speculate that 
all (stable) vector bundles on all CY3s should transgress - perhaps the plethora of 
heterotic vacua are all inter-laced after all! 

To have a glimpse of this multitude, a plot was made of all the known CY3s 
to date in [6], and in the spirit of [7-11 as well as the pioneering work in mirror 
symmetry by Candelas et al., the ordinate and abscissa are taken, respectively, 
as the sum and the difference (Euler number) of the two Hodge numbers. This is 
presented in Part (a) of Figure [l] There are about 500 million known Calabi-Yau 
manifolds, including the CICYs, the elliptically fibered, isolated examples, etc.; the 
largest family by far, however, is the impressive list compiled over the 1990's, of 
smooth hypersurfaces in toric four-folds, performed in the lovely work of Kreuzer- 
Skarke 



30 31 



consisting of 473,800,776 inequivalent CY3s, with 30,108 distinct 
pairs of Hodge numbers contributing to Figure [T] (a) . 

There are certainly many intriguing observations to be made on the plot, such 
as whether there can exist a CY3 whose Euler number exceeds 960 in magnitude]^ 



tThe author has bet a fine bottle of port with Dr. Andrew Dancer of Jesus College, Oxford, a 
wager recorded in the antiquate Betting Book of the said College, the first pages of the present 
Volume consisting of entries concerning the forces of Napoleon, that there does not exist such a 
Calabi-Yau threefold. 
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-960 -480 




(a) -560 

Fig. 1. (a) Plotting x = 2(/i^'l - h^'^) (horizontal) versus ft^'^ -|- h''-''^ (vertical) of all the some 
5 X 10** known Calabi-Yau threefolds; (b) magnification of the bottom corner in (a). 



More immediate to our concern, however, is that the centre of the plot has multiple 
occupation, that is, each point represents up to hundred of thousands of CY3s. 
Nevertheless, as two decades of construction have taught us, in conjunction with 
subsequent work in '32', "33], that the bottom corner of the plot is rather sparse. 
Zooming into this special corner, presented in part (b) of the Figure, shows rather 
pretty patterns. Importantly, these low-Hodge-number manifolds comprises of the 
few "good" examples on which bundles begetting exact MSSM spectrum live and 
mutually transgress. Is this corner an oasis in the seeming supererogation of string 
vacua, wherein a world like ours could blossom, while the remaining plenitude are 
no more than a swap-land p4 351? 



3. Algorithmic Scan of Vacua 

Short of a selection principle, an immediate method of approach to the special 
corner is not obvious, instead, a synthetic rather than analytic perspective may 



prove to be conducive. This has been undertaken over the past few years 36 -44 



where large classes of bundles are constructed over large data-sets of CY3s and then 
those with MSSM properties, carefully selected. Such a philosophy of algorithmic 
scan is indeed facilitated by the rapid advances in computational algebraic geometry 



as well as its implementation on ever-faster machines 45 46 ; the cross-pollination 



of this subject with theoretical and mathematical physics has also recently been a 



healthy endeavour 47 -49 



3.1. Physical and Mathematical Constraints 

We therefore wish to explicitly construct a large number of special unitary vector 
bundles V on CY3s; quite a few physical constraints can instantly be imposed. 



Supersymmetry: We are aiming for the MSSM, and hence require Af = 1 SUSY 
in the low-energy 4-dimensional theory, which in turn implies that V admits a 
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holomorphic connection F satisfying the Hermitian- Yang-Mills (HYM) equations: 
Fab = F^i = g^'^F^i, = 0, a generalization of Ricci-flatness for Calabi-Yau manifolds. 
Solving these PDEs explicitly are currently impossible. Luckily, we are saved by the 



Donaldson- Uhlenbeck-Yau theorem 51 52 , which states that on each (poly-)stable 



holomorphic vector bundle, there exits a unique HYM connection. 

Let us not delve into the details of stability, but only emphasize that this can 
be construed as a purely algebraic condition, without recourse to hard analysis. 
Some immediate and calculationally important consequences are that the zeroth 
and highest cohomologies of a stable bundle V vanish: H'^{X, V) — H'^{X, V) — 0; 
this, coupled with Serre duality for any bundle ^ on a CY3, that HP{X,V) ~ 
H^-P{X, V*)*, imply the following 



62 



63 



H"iX, V) = H°{X, V*) = H^{X, V) = H^{X, V*) = . (3.5) 



Net Generations: The vanishing conditions (3.51, together with the Atiyah- 
Singer index theorem on X which generalizes the statement for the Eulcr number, 
yield that 

3 

■mdex^x) = ^(-l)'/iX^,l^) = / ch(^)td(X) = i / ciV) . (3.6) 
Consequently, this gives us an expression for the net number of generations of 



particles, analogous to (1.2 1 



Ngens = -h^{X., V) + h\X, V*) = \ j c^{V) . (3.7) 

We will require that this number be a multiple of three, say 3fc, where k is the order 
of a possible freely acting group G on X, so that upon descending to the quotient 
manifold X/G, there would be precisely 3 generations. Indeed, in order that G be a 
free action, k must necessarily (but not sufficiently) divide the Euler number x(^)- 



it 



Anomaly Cancellation: To ensure Green-Schwarz anomaly cancelation 50 
is standard to set J^RAR~FAF = 0, where R is the Ricci form on X, that 
is, C2{X) = C2{V). However, one could allow M5-branes in the bulk, in a heterotic 



M-theory Hoi^ava-Witten setup 53 54 , which could wrap effective holomorphic 2- 
cycles (i.e., actual curves). Hence, one could allow that the difference C2{X) — C2{V) 
correspond to an effective class. 

Finally, since we are dealing with SU-bundles, ci(V) — 0. Thus, in sum, we have 
constraints on all the three Chern classes of V. 

3.2. Monad Bundles: A Large Class 

Our strategy is clear. We will attempt to construct a large class of bundles satisfy- 
ing the above constraints over a substantial data-set of CY3s. The most systematic 



method is the so-called monad construction over projective varieties 55 , devel- 



oped by algebraic geometers in the later half of the last century. In fact, all vector 
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bundles over projective spaces can be so obtained, which is perhaps why such a 
Leibnizian name, with regard to the universality implied, was originally chosen. It 
is thus not surprising that these bundles have been used sporadically but fruitfully 



in a physical context since the early days of string model building 56 -61 . 

The building block to a monad is a line bundle, the simplest vector bundle 
on any manifold. On ClCYs, a line bundle is easy to describe and so let us begin 
with this historical data-set 36-39 41 42j44]. Denote ©^"(fc), as is standard, the 
k-th power of the hyperplane bundle 0(1) over P", then its first chern class is 
Ci{0{k)) = kJ with J being the Kahler class of P". Subsequently, one could restrict 
this to any projective variety X to obtain Oxik) with the proviso that X also has 
only a single Kahler class, as descended from the ambient P". Such cases of when 
h^'^ of the ambient and variety itself are both unity is called cyclic. 

In general, our ambient space A for ClCYs are products of m projective spaces 
in which K homogeneous polynomials define X. We shall call the cases where 
h^'^{X) — h^-^{A) — m a.s favourable; here the Kahler classes descend completely 
from Ato X. In this case we can write line bundles over A = P"^ x P"^ x . . . x P"™ as 
0_A{ki, k2, k„i) with corresponding restriction to the CICY, X. Finally, we have 



the Kodaira vanishing theorem 62j63] which states that for a positive line bundle 
P on a Calabi-Yau manifold X , Hi{X, P) = for all g > 0. For ClCYs, a positive 
line bundle is one for which each ki entry above is positive. This vanishing will be of 
significant aid to us in computing the spectrum and couplings later. Therefore, our 
starting point will be monads constructed from positive line bundles over favourable 
ClCYs. 

Thus prepared, we can define a monad as the bundle V which resides in a short 
exact sequence (i.e., a free resolution of length 2): 

Tb rc 

O^V ^ B -^C ^0 ; with B = 0C'(&;), C = 0C'(4). (3.8) 

i=i j=i 

Here, short exactness implies that V — im(/) ~ ker{g) and that rk(V^) — rk(i3) — 
rk(C). The map g is explicitly a matrix of polynomials; e.g., on P" the ij-th entry is 
a homogeneous polynomial of degree Ci — bj . Moreover, our positivity requirement 
implies that all integers 6J,,c^ be strictly positive. 

In summary, the physical constraints in |3.1| manifest themselves as a list of 
combinatorial conditions on the integers 6*,c^: 

(1) Bundle-ness: 6* < c^. for all i,j and the map g can be taken to be generic so 
long as exactness of the sequence is ensured; 

(2) SU-Bundle: ci(y) = <^ ^ 6[ - ^ < = 0; 

i=i j=i 

rB rc 

(3) Anomaly cancellation: C2{X) - C2{V) = C2(X) - ^(E - E 44)^' J* > 0; 

, rg ... rc 

(4) Three Generations: CsiV) = |(E K'bs'bt' - £ Ct')J'^ J' J* = 3fc, with k 

1=1 j=i 
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a divisor of xi^) 



Upon finding such monads, we shall then prove stability and compute the par- 
ticle spectrum and Yukawa couplings. These are extremely technical and difficult 
problems and have been a major hindrance to existing literature if one were to cal- 
culate them for large classes on the order of thousands or more. A break-through 



in the method of attack of the programme in 36 -44 is the extensive use of the 
recent rapid advances in computer algebra, especially in algorithmic algebraic ge- 
ometry ^45||46j. We shall not dwell too much in this review on these technicalities 
and shall only mention that for stability, at least for cyclic manifolds, a so-called 
Hoppe's criterion reduces the problem to computing cohomology groups. To arrive 
at the various cohomologies, the standard approach here is to use spectral sequence 
induced from the Koszul resolution of V , whereby simplifying the problem to known 



cohomologies (via Bott-Borel-Weil and Kiinneth 62 63 ) on the ambient product 
of projective spaces. 

It was shown in 37 that positive bundles satisfying the above list 
of constraints is finite in number, amounting to about 7000 on only 
a small number of CICYs. We present the statistics thereof below and 
the histograms of C3(y), i.e., the number of 





Bundles 


ind(F) = 3fc 


ind(F) = 3fc 

an d fc divides xi^) 


ind(y) = 3/c 

|ind(y)| < 40 

and k divides x{^) 


rank 3 


5680 


3091 


458 


19 


rank 4 


1334 


207 


96 


2 


rank 5 


104 


52 


5 





Total 


7118 


3350 


559 


21 




Fig. 2. (a) Histogram for the index, ind{y), of the 7118 positive monads found over 36 favourable 
CICYs: the horizontal axis is ind(V) and the vertical, the number of bundles; (b) the same data set, 
but only taking into account monads with ind(V') = 3A; for some positive integer fc, such that k divides 
the Euler number of the corresponding CICY. 
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3.3. A Needle in A Haystack 

Emboldened by our ability to classify and further intrigued by the rarity of oc- 
currence of anything akin to the MSSM, we enlarged our data-set to include the 
so-called semi-positives; these are monads with possible zeros in the entries. Cur- 
rently, short of strong isomorphism theorems we do not have a finiteness result even 
though the numbers are expected to be so; preliminary scans have produced a sub- 
stantially larger set. On these bundles an initial scan was performed and single one 
was so far found 44 to have the exact MSSM spectrunj^ Interestingly, the base 



manifold turned out to be the bi-cubic, X = ['2 I ^ 1 ' , again one of the guises of 

1' ' J -162 

the Tian-Yau manifold! 

Specifically, this new heterotic standard model, to be added to the other two 
within the special corner, has no anti-generations, no exotic particles, one pair of 
MSSM Higgs and an U{1)b-l- It is obtained from an S'C/(4) monad bundle 

0^ V^^Ox(l,0)®3® Ox(0,l)®^^Ojf (1,1) ®Ox(2, 2)^0 , (3.9) 

giving first an 5*0(10) GUT, which is subsequently broken by a Z3 x Z3 Wilson line 
to give the desired SU{3) x SU{2) x C/(l) x U{1)b-l group. In order to turn on 
this Wilson line we ensured that there exists a freely acting Z3 x Za-group, which 
was found in jsj , giving a quotient manifold X^'ig . To guarantee that the bundle V 



also descends to the quotient, it was further shown that (3.9) admits an equivariant 
structure with respect to the group action, and hence the quotient is also a bona 
fide bundle. 



4. Outlook 

Armed with the advances in contemporary algebraic geometry, encouraged by the 
possibility of extensively utilizing computer algebra coupled with physical intuition 
and insight in order to sift through vast data-sets, and spurred by the observation 
and speculation of transgressions within a special corner in the space of stringy 
vacua, our spirits are enheartened by optimism. For the first time, the prospects of 
an systematic and thorough expedition of the heterotic landscape, a venture dreamt 
of for two decades, seem within our grasp. We have explored the oldest geography 
of the CICYs, and already found a rare occurrence of the MSSM; meanwhile, recon- 
naissance into the further territory of the elliptic manifolds and most importantly 



the toric hypersurfaces are well under way 40 43 . The glimpse into a barren ex- 
panse of a terra incognita, harbouring perhaps a rare treasure cove bejewelled by 
universes close to our own, enlivens our souls. Onwards we must march. 



^The author is most obliged to Mile. N. Davis, Zuleika Mertonensis, for the charming diversions 
afforded unto him during this work. 



10 Yang-Hui He 



Acknowledgements 

Ad Catharinae Sanctae Alexandriae et Ad Majorem Dei Gloriam... 
The author would hke to lend this opportunity to gratefuUy acknowledge his Oxford 
friends L. Anderson, P. Candelas, X. de la Ossa, J. Gray, S.-J. Lee, A. Lukas, 
B. Szendroi, as well as his old Philadelphia confreres V. Braun, R. Donagi, B. Ovrut, 
and T. Pantev for many years of fruitful and enjoyable collaborations on this subject. 
He is most indebted to the gracious patronage of Merton College, Oxford, whose 
Fellowship bestowed upon him is held dearly to his heart, and he carouses to the 
health of the parting Warden, Professor Dame Jessica Rawson as he salutes the 
new. Professor Sir Martin Taylor. Stet fortuna Domus! 

References 

1. P. Candelas, G. T. Horowitz, A. Strominger and E. Witten, "Vacuum Configurations 
For Superstrings," Nucl. Phys. B 258, 46 (1985). 

2. D. J. Gross, J. A. Harvey, E. J. Martinec and R. Rohm, "The Heterotic String," Phys. 
Rev. Lett. 54, 502 (1985). 

3. B. Greene, "Superstring Models with 5(7(5) and SO{lQ) Unifying Groups," 
Nucl.Phys.B274:574,1986 

4. B. R. Greene, K. H. Kirklin, P. J. Miron, and G. G. Ross, A superstring inspired 
standard model, Phys. Lett. B180 (1986) 69. 

5. T. Matsuoka and D. Suematsu, Realistic models from the Eg x E'^ superstring theory, 
Prog. Theor. Phys. 76 (1986) 886. 

6. P. Candelas, X. de la Ossa, Y. H. He and B. Szendroi, "Triadophilia: A Special Corner 
in the Landscape," Adv. Theor. Math. Phys. 12, 2 (2008) arXiv:0706.3134 [hep-th]]. 
(of. A. Ananthaswamy, Special Report, New Scientist, Jan 5th, 2008.) 

7. P. Candelas, A. M. Dale, C. A. Lutken and R. Schimmrigk, "Complete Intersection 
Calabi-Yau Manifolds," Nucl. Phys. B 298, 493 (1988). 

8. P. Candelas, C. A. Lutken and R. Schimmrigk, "Complete Intersection Calabi-Yau 
Manifolds. 2. Three Generation Manifolds," Nucl. Phys. B 306, 113 (1988). 

9. P. S. Green, T. Hubsch and C. A. Lutken, "All Hodge Numbers Of All Complete 
Intersection Calabi-Yau Manifolds," Class. Quant. Grav. 6, 105 (1989). 

10. A. M. He and P. Candelas, "On The Number Of Complete Intersection Calabi-Yau 
Manifolds," Commun. Math. Phys. 135, 193 (1990). 

11. M. Gagnon and Q. Ho-Kim, "An Exhaustive list of complete intersection Calabi-Yau 
manifolds," Mod. Phys. Lett. A 9 (1994) 2235. 

12. T. Hubsch "Calabi-Yau Manifolds — A Bestiary for Physicists," World Scientific, 
Singapore, 1994. 

13. E. Witten, "New issues in manifolds of SU(3) holonomy," NPB, 268 (1986) 79. 

14. M. B. Green, J. H. Schwarz, and E. Witten, Superstring theory, vol. 2: Loop ampli- 
tudes, anomalies and phenomenology, Cambridge, UK: Univ. Pr. (1987) 596 P. 

15. A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, "The universe as a domain wall," 
Phys. Rev. D 59, 086001 (1999) arXiv:hep-th/9803235 . 

16. R. Donagi, B. A. Ovrut, T. Pantev and R. Reinbacher, "SU(4) Instantons on 
Calabi-Yau Threefolds with Z2 x Z2 Fundamental Group," JHEP 0401, 022 (2004) 
arXiv:hep-t h/0307273 . 

17. R. Donagi, Y. H. He, B. A. Ovrut and R. Reinbacher, "The particle spectrum of 
heterotic compactifications," JHEP 0412, 054 (2004) |arXiv:hep-th/0405014| . 



An Algorithmic Approach to Heterotic String Phenomenology 11 



18. R. Donagi, Y. H. He, B. A. Ovrut and R. Reinbacher, "Moduli dependent spectra of 
heterotic compactifications," Phys. Lett. B 598, 279 (2004) |arXiv:hep-th/040329l] . 

19. Y. H. He, "GUT particle spectrum from heterotic compactification," Mod. Phys. Lett. 
A 20, 1483 (2005). 

20. R. Donagi, Y. H. He, B. A. Ovrut and R. Reinbacher, "Higgs doublets, split multiplets 
and heterotic SU{3)c x SU{2)l x U{1)y spectra," Phys. Lett. B 618, 259 (2005) 
[arXiv:hep-tli70 409291 . 

21. R. Donagi, Y. H. He, B. A. Ovrut and R. Reinbacher, "The spectra of heterotic 
standard model vacua," JHEP 0506, 070 (2005) arXiv:hep-th/0411156 . 

22. V. Braun, Y. H. He, B. A. Ovrut and T. Pantev, "A heterotic standard model," Phys. 
Lett. B 618, 252 (2005) arXiv:hep-th/0501070 . 

23. V. Braun, Y. H. He, B. A. Ovrut and T. Pantev, "A standard model from the E(8) x 
E(8) heterotic superstring," JHEP 0506, 039 (2005) arXiv:hep-th/0502155 . 

24. V. Braun, Y. H. He, B. A. Ovrut and T. Pantev, "Vector Bundle Extensions, Sheaf 
Cohomology, and the Heterotic Standard Model," Adv. Theor. Math. Phys. 10, 4 
(2006) arXiv:hep-th/0505041 . 

25. V. Braun, Y. H. He, B. A. Ovrut and T . Pantev, "The exact MSSM spectrum from 
string theory," JHEP 0605, 043 (2006) arXiv:hep-th/0512177 . 

26. V. Braun, Y. H. He and B. A. Ovrut, "Yukawa couplings in heterotic standard mod- 
els," JHEP 0604, 019 (2006) |arXiv:hep -th/0601204; . 

27. V. Braun, Y. H. He and B. A. Ovrut, "Stability of the minimal heterotic standard 
model bundle," JHEP 0606, 032 (2006) |arXiv:hep-th/0602073 . 

28. V. Bouchard and R. Donagi, "An SU(5) heterotic standard model," Phys. Lett. B 
633, 783 (2006) arXiv:hep-th/0512149 . 

29. V. Bouchard, M. Cvetic and R. Donagi, "Tri-linear couplings in an heterotic minimal 
supersymmetric standard model," NPB 745, 62 (2006) 'arXiv:hep-th/06 02096| . 

30. M. Kreuzer and H. Skarke, "Complete classification of reflexive polyhedra in four 
dimensions," Adv. Theor. Math. Phys. 4, 1209 (2002) arXiv:hep-th/0002240 . 

31. A. C. Avram, M. Kreuzer, M. Mandelberg and H. Skarke, "The web of Calabi-Yau hy- 
persurfaces in toric varieties," Nucl. Phys. B 505, 625 (1997) ar Xiv:hep-th/9703003| . 

32. P. Candelas and R. Davies, "New Calabi-Yau Manifolds with Small Hodge Numbers," 
arXiv:0809.4681 [hep-th]. 

33. V. Braun, P. Candelas and R. Davies, "A Three-Generation Calabi-Yau Manifold with 
SmaU Hodge Numbers," arXiv:0910.5464 

34. C. Vafa, "The string landscape and the swampland," l arXiv: hep-th /05092 12[ 

35. F. Gmeiner, R. Blumenhagen, G. Honecker, D. Lust and T. Weigand, "One in a billion: 
MSSM-like D-brane statistics," JHEP 0601, 004 (2006) arXiv:hep-th/0510170 . 

36. L. B. Anderson, Y. H. He and A. Lukas, "Heterotic compactification, an algorithmic 
approach," JHEP 0707, 049 (2007) arXiv:hep-th/07022lO . 

37. L. B. Anderson, Y. H. He and A. Lukas, "Monad Bundles in Heterotic String Com- 
pactifications," JHEP 0807, 104 (2008) arXiv:0805.2875 [hep-th]]. 

38. L. B. Anderson, "Heterotic and M-theory Compactifications for String Phenomenol- 
ogy," arXiv:0808.3621 [hep-th]. 

39. L. B. Anderson, J. Gray, D. Grayson, Y. H. He and A. Lukas, "Yukawa Couplings in 
Heterotic Compactification," arXiv:0904.2186 [hep-th]. 

40. Y. H. He, S. J. Lee and A. Lukas, "Heterotic Models from Vector Bundles on Toric 
Calabi-Yau Manifolds," arXiv: 0911.08 65 [hep-th]. 

41. L. B. Anderson, J. Gray, A. Lukas and B. Ovrut, "Stability Walls in Heterotic Theo- 
ries," JHEP 0909, 026 (2009) 'arXiv:0905.1748 [hep-th]]. 

42. L. B. Anderson, J. Gray, A. Lukas and B. Ovrut, "The Edge Of Supersymmetry: 



12 Yang-Hui He 



Stability Walls in Heterotic Theory," PLB 677, 190 (2009) |arXiv:0903.5088| [hep-th]]. 

43. M. Gabella, Y. H. He and A. Lukas, "An Abundance of Heterotic Vacua," JEEP 
0812, 027 (2008) "arXiv:0808.2142 [hep-th]]. 

44. L. B. Anderson, J. Gray, Y. H. He and A. Lukas, "Exploring Positive Monad Bundles 
And A New Heterotic Standard Model," arXiv:0911.1569 [Unknown]. 

45. G.-M. Greuel, G. Pfister, and H. Schonemann, Singular: a computer algebra system for 
polynomial computations, Centre for Computer Algebra, University of Kaiserslautern 
(2001). Available at 'http: //www. singular .uni-kl . de/ 

46. D. G. Grayson and M. E. Stillman, "Macaulay2, a software sys tern for research in 
algebraic geometry", available at http://www.math.uiuc.edu/Macaulay2/ 

47. J. Gray, Y. H. He, V. Jejjala and B. D. Nelson, "Exploring the vacuum geometry of 
N = 1 gauge theories," Nucl. Phys. B 750, 1 (2006) arXiv:hep-th/0604208 . 

48. J. Gray, Y. H. He, A. Ilderton and A. Lukas, "STRINGVACUA: A Mathematica 
Package for Studying Vacuum Configurations in String Phenomenology," Comput. 
Phys. Commun. 180, 107 (2009) arXiv:0801.1508 [hep-th]]. 

49. Y. H. He, "Vacuum Geometry and the Search for New Physics," In the Proceedings 
of 9th Workshop on Non-Perturbative Quantum Chromodynamics, Paris, France, 4-8 
Jun 2007, pp 04. 

50. M. B. Green and J. H. Schwarz, "Anomaly Cancellation In Supersymmetric D=10 
Gauge Theory And Superstring Theory," Phys. Lett. B 149, 117 (1984). 

51. S. K. Donaldson, Anti self-dual Yang-Mills connections over complex algebraic surfaces 
and stable vector bundles, Proc. London Math. Soc. (3) 50 (1985), no. 1 1-26. 

52. K. Uhlenbeck and S.-T. Yau, On the existence of hermitian-Yang-Mills connections in 
stable vector bundles, Comm. Pure Appl. Math. 39 (1986), no. S, suppl. S257-S293. 
Frontiers of the mathematical sciences: 1985 (New York, 1985). 

53. P. Hofava and E. Witten, "Heterotic and Type I String Dynamics from Eleven Di- 
mensions," Nucl. Phys. B460, 506 (1996) (hep-th/9510209 . 

54. R. Donagi, B. A. Ovrut, T. Pantev and D. Waldram, "Standard models from heterotic 
M-theory," Adv. Theor. Math. Phys. 5, 93 (2002) arXiv: hep-th/99122 08 . 

55. C. Okonek, M. Schneider, H. Spindler, "Vector Bundles on Complex Projective 
Spaces," Birkhauser Verlag, 1988 

56. J. Distler and B. R. Greene, "Aspects of (2,0) String Compactifications," Nuclear 
Physics B 304, 1 (1988). 

57. S. Kac hru, "Some Three Gene ration (0,2) Calabi-Yau Models," Phys. Lett. B 349, 76 
(1995) |arXiv:hep-th/9501131 . 

58. R. Blumenhagen, R. Schimmrigk and A. Wisskirchen, "(0,2) mirror symmetry," Nucl. 
Phys. B 486, 598 (1997) arXiv:hep-th/9609167 . 

59. R. Blumenhagen, "Target space duality for (0,2) compactifications," Nucl. Phys. B 
513, 573 (1998) arXiv:hep-th/9707198 . 

60. M. R. Douglas and C. G. Zhou, "Chirality change in string theory," JHEP 0406, 014 
(2004) arXiv:hep-th/0403018 . 

61. Maria Chiara Brambilla, "Semistability of certain bundles on a quintic Calabi-Yau 
threefold," math.AG/0509599 

62. R. Hartshorne, "Algebraic geometry," New York : Springer- Verlag, cl977. 

63. P. Grifiith and J. Harris, "Principles of Algebraic Geometry," Wiley NY 1994. 



